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Outline

Can a state of ignorance be adequately captured by probability?

• Bayes’ failure: Norton’s challenge

• Alternative approach: Lower probability

• Credal committee or betting rates?

• Avoiding inertia via credal set replacement



Introduction

Formal epistemology is predominantly Bayesian epistemology. The

notion of partial belief (and disbelief) is adequately modeled by

subjective probability. But what about ignorance?

• Will it rain in Pittsburgh tomorrow? I have some idea based on

tomorrow’s forecast, but I’m not certain one way or the other.

• Will it rain in Pittsburgh 5 years from today? I have no idea

whatsoever. I could take a guess at what probability distribution I

should adopt, but the arbitrary representation won’t resemble my

current epistemic state---that is, a state of complete ignorance.

• Solution: Principle of Indifference



POI and its Discontent

While POI has maintained a place in Bayesian epistemology through

recent defenses (White 2009; Pettigrew 2014), along with preservation

of maxent (Williamson 2010), resistance has persisted also.

• Problem: POI does not sufficiently represent the epistemic state of

complete ignorance, for the principle does not generally

distinguish between ignorance and disbelief (Norton 2007).



A Theory of Additive Measures

• Let W be a finite set of possible worlds, F an algebra over W ,

and m a measure on F obeying the axioms of finite probability.

• Abuse of notation: m(¬A) instead of m(Ac), m(A ∨B) instead

of m(A ∪B), and m(A ∧B) instead of m(A ∩B).

• Further, we introduce a dual measure M corresponding to m like

so:

m(A)→M(A) = m(¬A), M(A)→ m(A) = M(¬A) (Norton 2007, 236)

(1)

• Interestingly, M obeys unfamiliar axioms: (M1) M(W ) = 0; (M2)

M(A) ≥ 0 for all A ∈ F ; (M3) M(A ∧B) = M(A) + M(B) if

A ∨B = W .

• The theory of additive measures is not self-dual as the calculus for

M significantly differs from that of m (compare with Boolean

algebra).



Measures of Epistemic Attitudes

Bayesians are already familiar with m---that is, m is a probability

measure representing belief.

As for M , it is a measure representing the strength of disbelief, and now

the axioms should be intuitive: (M1) complete lack of disbelief in
logical truths; (M2) non-negative degrees of disbelief; (M3) conjoining
logically incompatible propositions does not result in a decrease in
disbelief.

Both should seem intuitive for an epistemology of partial belief and

disbelief.

Problem: The additivity of belief and disbelief sends ignorance into exile.



Example

Consider throwing a fair die. There are six possible outcomes

W = {1, 2, 3, 4, 5, 6}. Suppose we partition W like so: A = {1, 2},
B = {3, 4}, and C = {5, 6}. Without any further information, we employ the

Bayesian indifference method such that m(A) = m(B) = m(C) = 1
3 . But

according to M , there is a stronger degree of disbelief than belief in each

proposition. Compare with Even and Odd: m(Even) = m(Odd) = 1
2 .

Degrees of belief and disbelief are the same in the latter. Not so in the former.

Bayesianism cannot generally satisfy the following:

Self-Duality of Complete Ignorance: An epistemic state of complete

ignorance is invariant in its contingent propositions under the dual map

given by Equation [1]; that is, the state is self-dual in its contingent

propositions, so that m(A) = M(A) = m(¬A) for all contingent A.

(Norton 2007, 247)



An Alternative: Lower Probability Model

• Let P be a non-empty set of probability measures defined with

respect to a finite structure (W,F).

• Lower Probability: P (A) = inf{m(A) : m ∈ P}.
• Lower probability induces a conjugate upper probability P :

• P (A) = 1− P (¬A).

• 0 ≤ P (A) ≤ P (A) ≤ 1.

• An agent’s belief state is modeled by the set P (not necessarily

convex) for A ∈ F .

• If P (A) = P (A), then P(A) = {m(A)} and

m(A) = P (A) = P (A). Bayes is a special case if the base is a

singleton {m}.



Ignorance Represented by Lower Probability

Consider the simple case Θ = {A,¬A}.

• Suppose that P (A) = 0 and P (¬A) = 0. Then, there must be a

probability measure m ∈ P(A) such that m(A) = 0, and there

must be a probability measure m ∈ P(¬A) such that

m(¬A) = 0.

• As P automatically induces P , it follows that

P (A) = 1− P (¬A) = 1 and P (¬A) = 1− P (A) = 1. So there

must be a probability measure m ∈ P(A) such that m(A) = 1,

and there must be a probability measure m ∈ P(¬A) such that

m(¬A) = 1.

• Thus, an agent’s belief state represented by P is a complete state

of ignorance, i.e. P(A) = P(¬A) = {0, 1}.
• (Also holds generally for n logically incompatible propositions.)



Duality

It is easy to see that the set of measures is self dual, for M(A) = P(¬A)
where M is the dual set.

A specific lower probability model satisfies the (SD) requirement

for complete ignorance: P(A) = M(A) = P(¬A) = {0, 1}.
This is to say the representation is invariant under negation.

Unlike the Bayesian approach that requires additional steps, lower

probability can trivially produce a plausible representation of complete

ignorance given the conjugacy relations between lower and upper

probability.



Behavioral Interpretation

While some may worry that the composition of P leads to confusion as it

contains both belief and dual disbelief measures, an agent’s credal

commitment may be expressed through P .

• Let IA(w) be a gamble on A ⊆W that returns $1 if w ∈ A and

$0 otherwise.

• P (A) is an agent’s supremum buying price for IA, and P (A) their

infimum selling price.

• If P (A) = 0, then one would not buy the gamble for any positive

amount of money. If P (A) = 1, then one would agree to sell for

no less than an even swap of $1 for $1.

• In a state of complete ignorance, the model captures the right

behavioral response, that is, abstaining.

• Furthermore, we dispose of belief and disbelief talk on this

interpretation.



The Inductive Learning Problem: Inertia

Although the proposed model seems to adequately represent the state

of complete ignorance, it faces a major problem.

• Suppose that imprecise beliefs are updated through generalized

conditioning---that is, A is conditioned on some E for all

m ∈ P(A) and P (E) > 0.

• A vacuous prior [0, 1] (and consequently the subset {0, 1}) yields

a vacuous posterior (Walley 1991; Rinard 2013).

• Thus, an individual is condemned to an eternal state of ignorance.



Alternative Belief Updating Method

To solve the problem, re-shape P through considerations of

(im)plausibility (see Wilson (2001) for a similar idea).

• Credal Set Replacement:

P(A ∗ E) = (P(A)\{mi}) ∪ {mj} for all i and j. (2)

• Call (P(A)\{mi}) the remaining set where {mi} is a subset of P
such that mi is rendered implausible by E.

• Call {mj} the expanding set, which is a set of probability

measures made plausible by E, and mj ∈ (0, 1).

• Those familiar with the AGM tradition will see a particular

resemblance. CSR is suboperations of contracting and expanding.



Escaping A Complete State of Ignorance

A particular coin to be tossed is either fair or biased and if biased, there

is no indication of its specific bias.

One’s belief state is modeled as such: P(H) = P(T ) = {0, 1}.

The agent comes to learn that the coin is fair (F ). How should they

revise?

• Since F does not entail H nor does it entail T , it is implausible (at

this moment) that p(H) = 1 and likewise for T .

• So probability one comes out of the sets P(H) and P(T ) as do

the conjugate lowers, zero.

• Thus, (P(H)\{0, 1}) = �. But {mj} 6= �. Given the expectation

of a fair coin landing heads, a probability m(H) = 1
2 ought to be

considered plausible, so the expanding set is {12}.
• Credal set replacement,

P(H ∗ F ) = (P(H)\{0, 1}) ∪ {12} = {12}.



Choosing an Updating Rule

Should credal set replacement have priority over conditionalization?

• No. The two can and should work together, and both might be

necessary to preserve judgments of irrelevance and

independence.

• Suppose P(A) is a finite set of probabilities including 0 and 1.

Conditioning on E (where P (E) > 0) won’t make a difference in

lower and upper probability, and so the conditional lower and

upper probabilities are insufficient for making judgment on the

epistemic (ir)relevance of E. That is just a consequence of

conditional probability.

• The non-extreme probability measures, however, do gives us some

indication of the epistemic (ir)relevance of E.



continued

Proposal: Apply CSR to eliminate the extremes (assuming E neither

entails A nor ¬A), and conditionalize for all non-extreme measures in P.

• If E is epistemically irrelevant, then this property should be

reflected in P(A|E) relative to P(A ∗ E).

• Because epistemic irrelevance does not entail stochastic

independence in IP, the expanding set {mj} may not be empty

for P(· ∗ ·).

• If A and E are stochastically independent, then

m(A ∧ E) = m(A)m(E) for all m ∈ P. In such case, the

expanding set is � given that no new probability distributions are

made plausible by a completely irrelevant piece of information.

• The case for independence suggests that we should maintain

conditionalization.



Summary

• Lower probability is able to give us a suitable representation of

complete ignorance and satisfy the duality principle.

• Credal attitudes are determined by behavioral dispositions rather

than credal committees, so no worry about belief and disbelief

measures.

• Credal set replacement has been offered as a possible way of

escaping belief inertia.
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