
The 
Invariances 

of Ignorance
John D. Norton

Department of History and Philosophy of Science
University of Pittsburgh

1



Imported from 
physics

E. T. Jaynes
H. Jeffrey
…

How do we identify…
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Credal states (subjective) 
Relations of inductive 
support (objective)

And their 
properties.

Pragmatics
Dutch books
Decision problems

Representation 
theorems for 
natural relations.

Accuracy 
through scoring 
rules.

Invariance 
properties

?
Expressive 
power.



This Talk
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Invariance 
and 

symmetry 
provide:

Geometry Physics Inductive 
inference

Projective 
Geometries, 
Minkowski 
spacetime

Lorentz covariant 
physics
(special relativity)

Non-additive 
structures 
(ignorance)

Invariance 
avoidance

Simulate non-
Euclidean 
geometries within 
Euclidean spaces

Simulate principle 
of relativity within 
ether theories

Simulate non-
additivity with 
additive calculus



Invariances in 
Geometry and 

Physics
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Felix Klein’s Erlangen Program 1872
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Identify the 
characteristic group

Recover the geometry

Geometrical 
Entities 

Invariants of the 
characteristic groups=

Rigid translations 
and rotations Euclidean Geometry

Projections Projective geometry



Einstein’s Special Relativity 1905

6

Equivalence of inertial 
frames of reference = 
principle of relativity

(+ light postulate)

New kinematics of 
space and time

Minkowski 1907
Lorentz group is the 
characteristic group

Geometry of a 
Minkowski spacetime

Wigner 1947
The real are the 

invariants of the 
characteristic group

Quantum particles are 
representations of the 
Lorentz group



Invariances of 
of Ignorance
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I. Invariance under 
redescription
(= principle of 
indifference reasoning)

Ignorance over h’ = f(h): 
equal intervals have equal 
support

=

Cosmic parameter h over which we are�
completely ignorant (completely neutral support)

8

Ignorance over h: 
equal intervals have 

equal support

0 1 2 3 4 5
h

I I I I I

II. Invariance under 
negation
e.g. A = “h lies in [0,1].”

Support for proposition 
A concerning h

Support for proposition 
not-A concerning h=

Invariance under
 h’ = f(h) = 1/hI II



relabel h to 1/h
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Invariance under h’=1/h 

   

0 1 2 3 4 5
h

II

Assume smaller 
interval cannot have 

greater support.

0 1 2 3 4 5
h

I I I I I

support in 
h in [1,2] OR 

h in [2, ∞]

support  in
h in [1,2]

Additivity 
fails =
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Completely Neutral Support

   

[A|B] = support
 A accrues from B

“indifference”
“ignorance”[            |B] = Iany contingent 

proposition

0 1 2 3 4 5
h

I I I I I

I
I

I



The 
Infinite 
Lottery
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Chances of each ball 
or each set is invariant 
under relabeling of 
the balls.

=

A fair lottery machine
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Selection made 
among infinitely 

many balls 1, 2, 3, 
… without favor.



Odd and even
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Chance [Even] = Chance [Odd]

…

…



Co-infinite Infinite Sets
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…

…

All Co-infinite infinite sets 
have the same chance.

Additivity 
fails.
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John D. Norton 
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1.	Introduction	
 No single calculus of inductive inference can serve universally. There is even no 

guarantee that the inductive inferences warranted locally, in some domain, will be regular 

enough to admit the abstractions that form a calculus. However, in many important cases, when 

the background facts there warrant it, inductive inferences can be governed by a calculus. By far 

the most familiar case is the probability calculus. 

 That many alternative calculi other than the probability calculus are possible is easy to 

see. Norton (2010) identifies a large class of what are there called “deductively definable” logics 

of induction. Generating a calculus in the class is easy. It requires little more than picking a 

function from infinitely many choices. 

 The harder part is to see whether some specific calculus is warranted in some particular 

domain. This and the following chapters will provide a few illustrations of unfamiliar cases. In 

them, the warranted calculus is not the probability calculus. The systems to be investigated are: 

in this chapter, infinite lottery machines; and, in subsequent chapters, indeterministic physical 

systems, nonmeasurable outcomes in an infinite system of randomizers and the quantum spin of 

electrons. 

 An infinite lottery machine selects among a countable infinity of outcomes, 1, 2, 3, … 

without favor. It allows us to pose a series of inductive problems. In this arrangement, how much 
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 In our darker moments, we might fear that the whole idea of the problem of fitting a 

probability measure to an infinite lottery machine is merely the contrarian whimsy of eccentric 

theorists and idle philosophers. It can have, we might fear, no connection and application in real 

science. What will lighten these dark moments is the fact the problems just rehearsed in Sections 

5 and 6 above have played out almost exactly as a foundational problem is recent cosmology. It 

is reviewed in the Appendix. 

7.	The	Inductive	Logic	Warranted	for	an	Infinite	Lottery	Machine	
 The defining characteristic of an infinite lottery machine is that its choice of outcome 

respects label independence. That characteristic rules out an inductive logic whose strengths of 

support are probability measures. According to the material theory of induction, the background 

facts warrant the inductive logic appropriate to the domain. Label independence, the 

characteristic common to all infinite lottery machines, is the key, warranting fact. It acts 

powerfully and leads us to the following inductive logic. 

 The logic divides sets of outcomes into the following types:5 

finiten: a set with n members, where n is a natural number. 

Examples of finite3 are {1, 2, 3}, {27, 1026, 5000} and {24, 589, 2001}. 

infiniteco-infinite: an infinite set whose complement is also infinite. 

An example is the infinite set of even numbers {2, 4, 6, …} since its complement is the infinite 

set of odd numbers {1, 3, 5, …} 

infiniteco-finite-n: an infinite set whose complement is finite of size n. 

An example is the set of all numbers greater than 10: {11, 12,  13,…) since its complement is the 

finite set {1, 2, 3, …, 10}. 

 The requirement of label independence entails that the chance function Ch(.) in this logic 

can only have the following set of values:  

Ch(finiten) = Vn, where n = 1, 2, 3, …                                                          (10a) 

Ch(infiniteco-infinite) = V∞                                                                            (10b) 

                                                
5 Co-infinite means that the complement of the set is infinite. Co-finite means that the 

complement of the set is finite. 
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Ch(infiniteco-finite-n) = V-n, where n = 1, 2, 3, …                                         (10c) 

And for completeness we add in the two special cases 

Ch(empty-set) = V0 = “certain not to happen”                                             (10d) 

Ch(all-outcomes) = V-0 = “certain to happen”                                             (10e) 

According to (10a), all equal sized finite sets of outcomes have the same chance: any n 

membered finite set has the same chance Vn. This is required by label independence since some 

permutation can always switch the labels between any two finite sets, as long as they are the 

same size. Similarly, (10b) tells us that all infinite sets that are co-infinite have the same chance. 

We have already seen an example above in (5) and (7): 

Ch(even) = Ch(odd) = Ch(even*) = Ch(odd*) = V∞ 

Since each of the four infinite sets are co-infinite, there is a permutation that switches their labels. 

By label independence, they have the same chance. Finally, (10c) can be interpreted similarly. 

 The conditions (10) are powerful restrictions. They preclude the chance function Ch(.) 

being an additive probability measure. However they leave the logic underspecified. We do not 

yet know whether the values Vn, V∞, V-n are the same or different; and, if they are different, 

how they compare with one another. To arrive at these conditions (10), we used label invariance 

only. Further restrictions can enrich the logic. 

 A qualitative ranking of the strengths of support derives from the idea that the chance of a 

set of outcomes cannot be diminished if we add further outcomes to the set. This condition 

induces the relation “≤�” which is read as “is no stronger than.” It obtains between values A and 

B when the outcomes that realize a value A can be subset of the outcomes that realize a value B. 

As a result, the relation inherits the properties of set theoretic inclusion. It is antisymmetric, 

reflexive and transitive. It is easy to see that:  

V0 ≤�V1 ≤ V2 ≤ V3 ≤�…≤�V∞ ≤�…�≤�V-3 ≤ V-2 ≤�V-1 ≤ V-0                             (11) 

One might think this condition unavoidable. It is not. It is merely familiar and amounts to one 

construal of the meaning of strength of support. It fails in the “specific conditioning logic” of 

Norton (2010, §11.2). 

 Further discriminations, if they happen at all, must be warranted by further background 

facts, whose truth must be recovered from the physical properties of the infinite lottery machine. 

A natural one is the following: 



Invariance 
Avoidance
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Preserve by simulating alternatives
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Euclidean 
geometry

Poincaré (1902) “…Euclidean 
geometry is, and will remain, the 
most convenient:…the simplest… 
sufficiently agrees with…bodies 
which we can…measure…”

Ether state of rest, 
Galilean dynamics

Simulate length contraction as a dynamical 
effect of motion through the ether.

Thermal expansion of measuring rods 
simulates a non-Euclidean geometry.

Or embed in a higher 
dimensioned Euclidean space.



Preserve additivity…
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… by using an 
additive calculus 
to simulate non-
additive behavior

A

B C
<P(A), P(B), P(C)>

Complete ignorance 
= maximal convex 

set of probability 
measures

Quest for 
additional 
expressive 

power.

vs
Identification of 
precise formal 
properties appropriate 
to the problem



What now?
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Invariance is most useful…
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… when the problem is highly symmetric.

Complete 
ignorance

Maximum 
symmetry

Randomizers

Label 
invariance

Physical 
problems

Invariance under 
change of physical 

units

Least 
structured 

states

Equalities 
among states Jeffrey prior



A General Calculus? One Big Calculation?
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IN OUT
Proper warrant for all 
hypotheses of science

All background 
facts of science

universal 
calculus 

Shown elsewhere
There is no, non-trivial, 
complete calculus of 
inductive inference.

"A Demonstration of the Incompleteness of Calculi of Inductive Inference," 
Manuscript. On my website.

Non-trivial results are only 
possible if we add further 
inductive content externally 
to the one big calculation.



How do we determine…
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… where the borders are?

World of 
credal states, 
strengths of 
inductive 
support.



Read
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